Geometrical symmetry in a spacetime can generate test solutions to the Maxwell equation. We demonstrate that the source-free Maxwell equation is satisfied by any generator of spacetime selfsimilarity-a proper homothetic vector-identified with a vector potential of the Maxwell theory. The test fields obtained in this way share the scale symmetry of the background. However, we also have a simple and powerful tool for obtaining test Maxwell solutions from spacetime symmetry [7] . The symmetry refers to an isometry of the spacetime metric and is generated by a Killing vector. Because of geometrical properties relevant to the symmetry, an arbitrary Killing vector in a vacuum spacetime (i.e., Ricci flat) can be a test vector potential to the source-free Maxwell equation. Such electromagnetic fields obtained in this way share the symmetry generated by the Killing vector. Some of them can be models of physical interest. Therefore the solutions have been widely used, e.g., in the construction of electromagnetic field solutions on the Kerr black hole background [8] [9] [10] [11] [12] .
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On the other hand, the combination of a Killing-Yano 2-form and the Riemann tensor can provide Maxwell's fieldstrength that solves the source-free Maxwell equation in a vacuum spacetime [22] . This relation was generalized to the combination of a conformal Killing-Yano 2-form and a spin-2 field [23] . Recently, in any Einstein space with a closed conformal Killing-Yano 2-form, a new procedure for obtaining a solution to the source-free Maxwell equations was proposed [24] . These many examples mean that geometrical symmetry in a spacetime is closely related to the solutions of the Maxwell equations in various ways.
In this short note, we focus on the relation of test Maxwell fields and scale symmetry of a spacetime, which is generated by a proper homothetic vector. The spacetime admitting the symmetry is known as a self-similar spacetime. The self-similar spacetimes are found at the critical point of the critical phenomena in gravitational collapse [25, 26] and appears in spherically symmetric cosmological models [27] and in spatially homogeneous cosmologies [28] . Recently, classical particle and string mechanics in a self-similar spacetime were studied in the relation of self-similarity to conserved quantities and self-similar configurations [29, 30] . The purpose of this short note is to develop the procedure for obtaining test Maxwell fields by means of a proper homothetic vector.
This this is organized as follows. In the following section, we derive an identity between the second derivative of a homothetic vector and the Riemann tensor. Then we show that the solution construction of the vacuum test Maxwell equation by means of the Killing vector carries over the homothetic vector, i.e., an arbitrary homothetic vector satisfies the source-free Maxwell equation in a vacuum self-similar spacetime. Furthermore, we demonstrate to construct a self-similar test Maxwell solution to the source-free Maxwell equation in the 4D Kasner spacetime. In the last section, we summarize our results. Throughout this note we use the abstract index notation [31] .
Main results.-Let (M, g ab ) be a D-dimensional self-similar spacetime. Then the metric g ab admits a proper homothetic vector ξ a , which satisfies
where £ ξ is the Lie derivative with respect to ξ a and ∇ a is the Levi-Civita covariant derivative associated with g ab . In what follows, we consider a relation between the second derivative of ξ a and the Riemann tensor R abc d . By definition, we can relate the second derivative of ξ a to R abc d as
Using Eq. (1) to the second term on this left-hand side, we have
where we have used the compatibility condition ∇ a g bc = 0. From cyclic permutations of the indices of this equation, we have
where we have used the identity of the Riemann tensor R [abc] d = 0 in the last equality. Contracting Eq. (4) over a and b, we obtain
where R ab = R acb c is the Ricci tensor. Note that these relations between a homothetic vector and spacetime curvatures is the same as those between a Killing vector and spacetime curvatures. Now, we introduce a closed 2-form field from ξ a as
where we have used Eq. (1) in the last equality. Then the relation (5) is written in terms of F ab as
where ∇ a g bc = 0 was used. Hence, the homothetic vector ξ a satisfies the source-free Maxwell equation if either of the following conditions is satisfied: (i) ξ a is an eigen vector of the Ricci tensor with a zero eigen value or (ii) the spacetime is vacuum, i.e., the Ricci tensor vanishes. Indeed, there exist self-similar vacuum spacetimes with wholecylinder symmetry [32] and with spatial homogeneity in cosmologies (see, e.g., Ref. [28] ). If ξ a is closed (i.e., a pure gauge), F ab vanishes. The gauge of the vector potential ξ a is partially fixed because Eq. (1) leads to
Though the right-hand side is not zero, this may be a kind of Lorenz condition in the sense that the equation of motion reduces source-free wave equation in the Ricci flat case. The symmetry of the Maxwell field is induced from the scale symmetry of the metric on the background. The Lie derivative of the homothetic vector ξ a with respect to ξ a yields
Hence the exterior derivative of this equation leads to
where the commutability of the exterior derivative and the Lie derivative was used. This means that F ab is a self-similar 2-form with weight 2, i.e., the Maxwell field has self-similarity. As is apparent from the derivation, the self-similar weight is related to that of the metric fixed in Eq. (1). The total electric charge Q of the electromagnetic field (6) in 3D volume Σ is given by
where we have used Eq. (5) in the last equality. This is the Komar integral for the homothetic vector ξ a . As an example of the above procedure, we obtain a test Maxwell field associated with a homothetic vector in a spatially homogeneous self-similar vacuum spacetime. All spatially homogeneous solutions to the vacuum Einstein equations that admit a 4D homothetic group H 4 acting simply transitively on spacetime are classified in Ref. [33] . Except for the Minkowski spacetime, the 4D Kasner spacetime [34] is the simplest background, which means that H 4 contains the 3D isometry subgroup G 3 = R 3 . The Kasner spacetime appears in each epoch of Belinskii-KhalatnikovLifshitz oscillation near cosmological singularity [35] or the past asymptotic behavior of some Bianchi universes. Note that the analytical continuation of the Kasner spacetime yields the Levi-Civita spacetime [39] , which is static and cylindrically symmetric vacuum spacetime [36] .
We find test Maxwell fields with scale symmetry in the 4D Kasner spacetime. The spacetime metric is given by
where the parameters p 1 , p 2 , and p 3 are constrained by the equations
Since the Kasner spacetime is self-similar [37] , we find a proper homothetic vector
When we set any one of p i equal to unity, we find the other parameters being zero from Eqs. (13) (e.g., p 1 = 1, p 2 = 0, and p 3 = 0). Then the metric in this case reduces the 2D Rindler spacetime crossed with R 2 , i.e., the 4D Minkowski spacetime after the analytic extension, and ξ a reduces closed. We obtain F ab in Eq. (6) by using Eq. (14)
It follows immediately from this form that F ab is degenerate, i.e., F ab * F ab = 0. Though this is a pure electric solution, we can obtain more physically interesting solutions, e.g., a pure magnetic solution by a duality rotation of F ab . The electric charge Q vanishes because of the Ricci flatness of the Kasner spacetime. The electromagnetic field is dynamical due to the cosmological background. The role of magnetic fields were widely investigated in Bianchi cosmologies (see, Ref. [38] for a review).
Summary.-We have revealed a relation between spacetime scale symmetry and test Maxwell fields. Identifying a homothetic vector in a self-similar spacetime with a vector potential in the Maxwell theory, we can obtain a source-free test Maxwell field solution. This procedure is the same as the well-known for constructing a test Maxwell solution using a Killing vector. Whether or not the solutions obtained in this way is physically interesting is a different issue from the relation of spacetime symmetry and test Maxwell fields. It will be interesting to find a solution of physical interest in this framework for future work.
